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Abstract. We demonstrate the main idea of constructing irreducible 
unitary representations of Lie groups by using Fedosov deformation quan- 
tization in the concrete case of the group Aff(M) of affine transforma- 
tions of the real straight line. By an exact computation of the star-product 
and the operator we show that the resulting representations exhausted 
all the irreducible representations of this groups. 



1. Introduction 

Quantization normally means a procedure associating to each classical 
mechanical system some quantum systems, namely in the Heisenberg model 
or Schrodinger one. More precisely, the usual formulation of a quantiza- 
tion procedure is a correspondence associating to each symplectic manifold 
(M, u) a Hilbert space H of so called quantum states and to each classi- 
cal observable (i.e. each complex-valued function) / a quantum observable 
(i.e. a normal operator) Q{f), in such a way that the following relations 
hold 

(1) g(i) = id^ 

(2) [Qif).,Qi9)] = -Qi{f,9}) 

To attack this general problem there are some approaches, such as Feyn- 
man path integral quantization, pseudo-differential operator quantization, 
Weyl quantization, geometric quantization, etc. ... Following the geometric 
quantization procedure, at first one restricts himself to consider the set of 
observables to be quantized and secondly interpret the geometric quantiza- 
tion procedure operators, see e.g. [0], Q{f) := f + f V^^ as operators up 
to the second order approximation in power of h, satisfying the relation (0). 
From this point of view the so called Fedosov deformation quantization can 
be viewed as higher order approximates of operators satisfying the relation 
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@. The last interpretation is the main idea behind deformation quantiza- 
tion. This deformation quantization essentially differs from the geometric 
quantization initiated by A. Kirillov, B. Kostant and J.-P.Souriau, see [ |AC1| ], 
S- 

Many mathematicians attempted to construct quantum objects related 
with classical ones: First it was created the so called Podles quantum spheres. 
Interpreted the classical upper half -plane as the principal affine space of the 
special linear group SL2(M), one introduced the quantum upper half -plane 
as some C* -algebra generated by some generators and relations. We con- 
cern this upper half -plane from another point of view. 

It is well-known that co-adjoint orbits are homogeneous symplectic man- 
ifolds with respect to the natural Kirillov form on orbits. A natural ques- 
tion is to associate to these orbits some quantum systems, which could be 
called quantum co-adjoint orbits. In most general context, some quantum 
co-adjoint orbits appeared in [ |AC1| ] - [ |AC20 . Still it is difficult to calcu- 
late exactly the ★-product and the corresponding representations in concrete 
cases. In this paper we demonstrate such an idea for a concrete case of the 
group Aff(]R) of affine transformations of the real straight line. The main 
difficulty is the fact that in the concrete case, we should find out explicit 
formulae. This group has only two nontrivial 2-dimensional orbits which 
are the upper and lower half -planes. We shall use the same notion of star- 
product, introduced by M. Flato and A. Lichnerowicz, see [ |AC1[ ]. Our main 
result is the fact that by an exact computation we can find out explicit star- 
product formula and then by using the Fedosov deformation quantization, 
the full list of irreducible unitary representations of this group. These re- 
sults show effectiveness of the Fedosov quantization, what are unknown 
up-to-date. 

We introduce some notations in §2, in particular, the canonical coordi- 
nates are found in Proposition 2.1. The operators iz which define the rep- 
resentation of the Lie algebra aff(]R) are found in §3. By exponentiating 
we obtain the corresponding unitary representation of Lie group Aff o (K) in 
Theorem 4.2 of 54. 



2. Canonical coordinates on the upper hale-planes 

Recall that the Lie algebra q = aff(R) of affine transformations of the 
real straight line is described as follows, see for example [0]: The Lie group 
Aff (R) of affine transformations of type 



X G M ax + 6, for some parameters a,b eR,a ^ 0. 



QUANTUM HALF-PLANES VIA DEFORMATION QUANTIZATION 3 

It is well-known that this group Aff(M) is a two dimensional Lie group 
which is isomorphic to the group of matrices 

Aff(M) ^{(^ Q J ^ |a,6GR,a^0}. 

We consider its connected component 

G = Affo(M) = {(^ Q J ^ |a,bG M,a > 0} 

of identity element. Its Lie algebra is 

= aff(M)-{(^ Q (|^|a,/3GM} 

admits a basis of two generators X, Y with the only nonzero Lie bracket 
[X,Y]=Y,i.o. 

g = aff(M) ^ {aX + I3Y\[X,Y] =Y,a,(3e R}. 

The co-adjoint action of G on q* is given (see e.g. [ ]AC2[ ], QKilQ ) by 

{K{g)F,Z) = {F,Ad{g-')Z),WF eQ*,geGmdZe g. 

Denote the co-adjoint orbit of G in g, passing through F by 

= K{G)F := {K{g)F\F G G}. 

Because the group G = Affo(M) is exponential (see [0), for F E g* = 
aff(M)*, we have 

np = {K{exp{U)F\U G aff(M)}. 

It is easy to see that 

{K{expU)F,Z) = {F,exp{-adu)Z). 
It is easy therefore to see that 

K{expU)F = {F,exp{-adu)X)X* + {F,exp{- adu)Y)Y* . 
For a general element U = aX + jSY G g, we have 

^^P^-^^^) = £^( ° -a) =(i e°0' 



n=0 



where L = a + /? + |(1 — e^). This means that 

K{exp U)F = (A + iiL)X* + (^e")F*. 



From this formula one deduces [0 the following description of all co- 
adjoint orbits of G in 0*: 
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• If /i = 0, each point {x = X,y = 0) on the abscissa ordinate corre- 
sponds to a 0-dimensional co-adjoint orbit 

= {XX*}, A e M. 

• For fi ^ 0, there are two 2-dimensional co-adjoint orbits: the up- 
per half-plane {{X, fi) \ X, fi E W, fi > 0} corresponds to the co- 
adjoint orbit 

(3) n+ := {F = {X + fiL)X* + {fie-'')Y* \ /i > 0}, 

and the lower half-plane {{X, fi) \ X, fi G M., fj, < 0} corresponds 
to the co-adjoint orbit 

(4) := {F = {X + fiL)X* + {ije-")Y* \ fi<0}. 

We shall work from now on for the fixed co-adjoint orbit The case of 
the co-adjoint orbit is similarly treated. First we study the geometry of 
this orbit and introduce some canonical coordinates in it. It is well-known 
from the orbit method [ [Kilfl that the Lie algebra g = aff(M), realized by 



the complete right-invariant Hamiltonian vector fields on co-adjoint orbits 
flp ^ Gf\G with fiat (co-adjoint) action of the Lie group G = Affo(M). 
On the orbit i7+ we choose a fix point F = Y*. It is well-known from the 
orbit method that we can choose an arbitrary point F on ^Ip. It is easy to see 
that the stabilizer of this (and therefore of any) point is trivial Gp = {e}. 
We identify therefore G with Gy* \ G. There is a natural diffeomorphism 
Wk X exp(.) from the standard symplectic space with symplectic 2-form 
dp A dq in canonical Darboux (p, g) -coordinates, onto the upper half -plane 
HI+ = M XI M_|_ with coordinates {p,e'^), which is, from the above coor- 
dinate description, also diffeomorphic to the co-adjoint orbit We can 
use therefore (p, q) as the standard canonical Darboux coordinates in VLy* ■ 
There are also non-canonical Darboux coordinates (x, y) = {p, e'^) on ^ly*. 
We show now that in these coordinates {x, y), the Kirillov form looks like 
u)Y*{x,y) = ^dx A dy, but in the canonical Darboux coordinates {p,q), 
the Kirillov form is just the standard symplectic form dp A dq. This means 
that there are symplectomorphisms between the standard symplectic space 
M^, (ip A dq), the upper half-plane (1HI+, ^dx A dy) and the co-adjoint orbit 
(f2y*, wy.). Each element Z E g can be considered as a linear functional 
Z on co-adjoint orbits, as subsets of g*, Z{F) := {F, Z). It is well-known 
that this linear function is just the Hamiltonian function associated with the 
Hamiltonian vector field ^z, which represents Z E g following the formula 

{^zf){x) := |/(xexp(tZ))|,=o,V/ E C°^{Q+). 
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The Kirillov form a;^ is defined by the formula 

(5) MizAx) = {F, [Z,T]),\fZ,Te g = aff(R). 

This form defines the symplectic structure and the Poisson brackets on the 
co-adjoint orbit For the derivative along the direction and the Pois- 
son bracket we have relation ^^(/) = {Z,/},V/ G C°°(^]+). It is well- 
known in differential geometry that the correspondence Z t-^ ^z, Z & q 
defines a representation of our Lie algebra by vector fields on co-adjoint 
orbits. If the action of G on ^2+ is flat [0, we have the second Lie alge- 
bra homomorphism from strictly Hamiltonian right-invariant vector fields 
into the Lie algebra of smooth functions on the orbit with respect to the 
associated Poisson brackets. 

Denote by tp the indicated symplectomorphism from onto f2+ 

(p, q) eR^^ ^(p, q) := (p, e^) G n+ 

Proposition 2.1. 1. Hamiltonian function fz = Z in canonical coordi- 
nates (p, g) of the orbit is of the form 



Z o q) = ap + (3e^ ^ if Z 



a (3 




2. In the canonical coordinates {p, q) of the orbit the Kirillov form 
ujy* is just the standard form u = dp A dq. 

Proof 1. Each element F G (aff (R))* is of the form F = xX* + yY*. 
This means that the value of the function fz = Z on the element Z = 

aX + (3Y is 

Z{F) = {F, Z) = {xX* + yY*, aX + pY) = ax + (3y. 
It follows therefore that 

(6) Zoij{p,q)=ap + f3e'^, if Z=(^'^ ^ . 

2. In canonical Darboux coordinates (p, q), F = pX* + e'^Y* G ^2+, and 
forZ^(; ■*).T^(- A),wehave 

(F, [Z,T]) = {pX* + e'^Y*, (ai/92 - a2Pi)Y) = (ai/?2 - a2/3l)e^ 

i.e. 

(7) u;f{^z,^t) = (ai/32-a2A)e^. 
Let us consider two vector fields 

d n a 9 
oq op 
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and 



I.e. 



I.e. 

Uf) = + /} = - Pi^'^ 

oq op 

Uf) = {«2P + /?2e^ /} = a2^ - P2e'^. 

We have 
(8) 

^z®^T = aia2-^ ® ^ + ("1/^2 - a2/3i)e^^ ® ^ + (^Ae^"^ ® ^ 
oq oq op oq op op 

From (0) and (|]) we conclude that in the canonical coordinates the Kirillov 
form is just the standard symplectic form lo = dp A dq. 

3. Computation of generators £z 

Let us denote by A the 2-tensor associated with the Kirillov standard form 
u = dp A dq in canonical Darboux coordinates. We use also the multi-index 
notation. Let us consider the well-known Moyal 7»r-product of two smooth 
functions u,v E C°°(M^), defined by 

U'kv = u.v + ^^{^YP''{u,v), 
^-^ r! 2i 

r>l 

where 
with 

ox*! . . . OT*'' 

as multi-index notation. It is well-known that this series converges in the 
Schwartz distribution spaces 5(]R"). We apply this to the special case n = 
1. In our case we have only x = (x^, z^) = {p, q). 

Proposition 3.1. In the above mentioned canonical Darboux coordinates 
{p, q) on the orbit Qj^, the Moyl ^-product satisfies the relation 

iZi.if-ifi.iZ = i[Z/f]yZ,T e aff(R). 

Proof. Consider the elements Z = aiX + (3iY and T = + [32Y . 
Then as said above the corresponding Hamiltonian functions are Z = aip+ 
Pie'^ and T = a2P + /?2e''. It is easy then to see that 

P^{Z,f) = Z.f, 
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P\Z, f) = {Z, f } = dpZd.f - d.Zdpf = (ai/32 - a2f3i)e\ 
P\Z, f) = A^^A'^ dppZdggf + A^^A^^ dp,Zdgpf + A^^A^^ dgpZdpgf+ 

+A^^A^^ d,,Zdppf = 0. 

By analogy we have 

P^{Z,f) = 0,\fk> 2. 

Thus, 

iZ^if-if^iZ = —[P\iZ, if) - P\if, iZ)] = i{ai(32 - a2Pi)e\ 

on one hand. 

On the other hand, because 

[Z, T] = ZT-TZ= (ai/?2 - a2/9i)l^, 

we have 

i[Z, T] = i{aiP2 — «2/?i)e'' = iZ -k iT — iT -k iZ. 

The proposition is hence proved. 

Consequently, to each adapted chart ^p in the sense of [ ]AC2| ], we associate 
a G-covariant ^^r-product. 

Proposition 3.2 (see [0]). Let ★ be a formal dijferentiable -k-pwduct on 
C°°(M, M), which is covariant under G. Then there exists a representa- 
tion TofG in Aut A^[[z^]] such that 

T{g){u-kv) = T{g)u-kT{g)v. 



Let us denote by J^pU the partial Fourier transform [ |MVp of the function 
u from the variable p to the variable x, i.e. 

J^p{u){x,q) := I e-'P''u{p,q)dp. 

Let us denote by J^p^(u){x, q) the inverse Fourier transform. 

Lemma 3.3. 1. dpj^~^{p.u) = ij^~^{x.u) , 

2. J^p{v) = id^J^p{v) , 

3. P\Z,T-\u)) = (-l)fc/?e«^!:J^, with k>2. 

Proof. The first two formulas are well-known from theory of Fourier 
transforms. We reproduces them to locate notation. 

1. dpJ^p\u) = dp{^ J^e'P''u{x,q)dx) = J^ixe'P''u{x,q)dx = 

iT~^{x.u). 

2. id^Tp{v) = idx{^ /r e-'P^'vip, q)dp = -ipe-'P'^vip, q)dp = 
-J^ Ir e-'P'^pvip, q)dp = id^J^p{p.v) 
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3. Remark that A = ^ ^ q"*^ ^ in the standard symplectic Darboux 
coordinates {p, q) on the orbit and we have had Z = ap + jSe'', then 

K^^h'^d,,zd^,j'p\u))+K^^K^^d,,zdppT;\u)) = {-ifi3e''dlpr;\u)). 

By analogy we have 

p\z,:f;\u)) = {-if[5e%,,p:F;\u)),^k > 3. 

The lemma is therefore proved. 

For each Z E aff(M), the corresponding Hamiltonian function is Z = 
ap + l3e'^ and we can consider the operator acting on dense subspace 
L2(R2, ^)°° of smooth functions by left ^^-multiplication by iZ, i.e. iz{u) -- 
iZ -k u. It is then continuated to the whole space L^(]R^, ^^). It is easy to 
see that, because of the relation in Proposition (^TT[), the correspondence 
Z E aff (M) i-^ £z = iZ . is a representation of the Lie algebra aff (M) 
on the space A^[[|]] of formal power series in the parameter = f with 
coefficients in = C°°(M, M), see e.g. [|^ for more detail. 

We study now the convergence of the formal power series. In order to 
do this, we look at the ^^r-product of iZ as the ★-product of symbols and 
define the differential operators corresponding to iZ. It is easy to see that 
the resulting correspondence is a representation of by pseudo-differential 
operators. 

Proposition 3.4. For each Z E aff(R) and for each compactly supported 
function u E C^(M^), we have 

iz{u) := Tpolzo J^p^{u) = a{^dq - d^)u + if3e'^~^u. 

Proof. For each Z E Q = aff (M), we have 

iz{u) := ^po£^o^;i(n) = Tp{iZ^Tp\u)) = iJ^.iYl (^) ^p'^ 

Remark that 

P\Z,J^p\u)) = {Z,J^p\u)} = ad,J';\u)-(3e'^d,T;\u) 



and applying Lemma (|33D, we obtain: 

r>0 ■ ^ ^ 
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H. {^Y + • • ■ + ^ {^T pe'^d;T;\u) + ...] 

= i[aidxU + [ie'^u + ^adgU — ^(]e'^J-'p{iJ-'p ^{x.u)) + 

H. {-jiYPe'^:Fp{^:F;\x\u)) + ■ ■ ■ + (-J.)"/3e'?^p(z"^-i(a;".«)) + 

= i[iadxU + ^adqU + [3e''u — (3e'^^u+ 

+i,/?e'' (f «V ■ ■ ■ + U-lTPe^ (f )" ^ + • • • ] 

= a{\d, - dx)u + z/^e^l^- I + i (I) V . . . + (-Ifi (f )" + ... ] 

= aij^dq — dx)u + i(3e'^ 2u. 

The proposition is therefore proved. 

Remark 3.5. Setting new variables s = q — = q + ^,we have 

du 

(9) £ziu) = a— + il3e'u, 

e.i. 

= a— + z/3e', 

OS 

which provides a representation of the Lie algebra aff (M). 



4. The associate irreducible unitary representations 

Our aim in this section is to exponentiate the obtained representation £z 
of the Lie algebra aff(]R) to the corresponding representation of the Lie 
group Affo(M). We shall prove that the result is exactly the irreducible 
unitary representation Tq_^_ obtained from the orbit method or Mackey small 
subgroup method applied to this group Aff (M). Let us recall first the well- 
known list of all the irreducible unitary representations of the group of affine 
transformation of the real straight line. 

Theorem 4.1 ([ |GN[ ]). Every irreducible unitary representation of the group 
Aff (M) of all the affine transformations of the real straight line, up to uni- 
tary equivalence, is equivalent to one of the pairwise nonequivalent repre- 
sentations: 

• the infinite dimensional representation S, realized in the space L^(R* > 0)- 
where M* = R \ {0} and is defined by the formula 

{Sig)f){y) := e^^V(ay), where <7 = ( q J ) , 

• the representation [/|, where e = 0, 1, A G M, realized in the 1- 
dimensional Hilbert space and is given by the formula 

Ul{g) = \ai\sgnar. 
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Let US consider now the connected component G = Affo(IR). The irre- 
ducible unitary representations can be obtained easily from the orbit method 
machinery. 

Theorem 4.2. The representation exp{iz) of the group G = Affo(M) is ex- 
actly the irreducible unitary representation Tq^ ofG = Affo(IR) associated 
following the orbit method construction, to the orbit which is the upper 
half-plane H = M x M*, i. e. + 

(exp(4)/)(y) = {T^Mm) = e"^f{ay),yf G L^R*, 

\y\ 



where g = exp Z 



a b 
1 



Proof. Following the orbit method construction [Q, [ [KilQ . We choose 
an admissible Lie sub-algebra [) = (X). Let us denote by H the corre- 
sponding analytic subgroup of G with Lie algebra f). The corresponding 



representation Ind^ xf = ^^djj xv ■ The homogeneous space H \ G is 
homeomorphic to M* = M \ {0} with the quasi-invariant measure The 
corresponding representation Tq^ is given exactly by the same formula as 
the representation S in the Theorem ([4-.l[). More precisely, for the element 



a P 




G = aff(R), 



„ f a (3 \ fab 

expZ = exp^Q J = ^0 




if a ^ 
if a = 



It is reasonable to simplify the notation, to consider the second case Remark 
that 2/ = is the natural but non-canonical coordinate in M* = H \ G 
we can write the induced representation obtained from the orbit method 
construction as 

(10) Tn^{expZ)f{e') = exp(z^(e" - l)e^)/(e"+^). 

a 

Therefore for the one-parameter subgroup exp()f:Z),t G M, we have the 
action formula 

Tn^{exptZ)f{en = exp(2^(e*" - l)e^)/(e*°+^). 

a 

By a direct computation, we obtain 

(11) ^Tn^{exptZ)f{en = 
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II 



z^e"ae*°exp(z^(e*° - l)e")/(e*"+") + exp(2^(e*" - l)e")ae*'"+^|£ 

'dsi 



e*"+^exp(z^(e*" - l)e") [z/3/(e*"+^) + a^], 



on one hand. 

On the other hand, we have 

(12) ezTn^{exptz)f{e') = 

= iiPe' + «|)[exp(2f (e*" - l)e'^)/(e*"+^)] 
= i/3e" exp(z|(e*" - l)e*)/(e*"+") + 

+a[i^(e*" -'l)e^exp(i|(e*° - l)e")/(e*°+") +exp(z^(e*° - l)e")e*"+^ 
= e*"+^exp(zf (e*" - ife^) [z/3/(e*"+^) + a|f]. 
From ( |Tl| ) and (|T^ implies that 

^rn^(exp(tZ))/(y) = izrn^(exp(tZ))/(y). 

Obviously, 

Tn4exp{tZ))f{y)\t=o = f{y)- 
This means that rn+(exp(tZ))/(y) is the unique solution of the Cauchy 
problem 

iUit,y) =izU{t,y) 
U{0,y) =ld 

This means also that 

exp{iz)f{y) = Tn^{expZ)f{y). 

The proof of the theorem is therefore achieved. 
By analogy, we have also 

Theorem 4.3. The representation exp(£^) of the group G = Affo(IR) is ex- 
actly the irreducible unitary representation Tn_ ofG = Affo(M) associated 
following the orbit method construction, to the orbit which is the lower 
half-plane H = M x M*, i. e. 

(exp(4)/)(?/) = {T^^9)f){y) = e'''f{ay)yf E L\R\f^), 

\y\ 



where g = exp Z = ^ ^ ^ ^ 



Remark 4.4. 1 . We have demonstrated how all the irreducible unitary rep- 
resentation of the connected group of affine transformations could be ob- 
tained from deformation quantization. It is reasonable to refer to the alge- 
bras of functions on co-adjoint orbits with this T^r-product as quantum ones. 

2. In a forthcoming work, we shall do the same calculation for the group 
of affine transformations of the complex straight line C. This achieves the 
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description of quantum MD co-adjoint orbits, see [0] for definition of MD 
Lie algebras. 
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